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Abstract 



In this article we prove that every entire curve in the complement 
of a generic hypersurface of degree d > 586 in is algebraically 
degenerated i.e there exists a proper subvariety which contains the 
entire curve. 



1 Introduction 

A complex manifold X is hyperbolic in the sense of S. Kobayashi if the 
hyperbolic pseudo distance defined on X is a distance (see, for example, [TU]). 
The hyperbolicity problem in complex geometry studies the conditions for a 
given complex manifold X to be hyperbolic. In the case of hypersurfaces in 
P" we have the Kobayashi conjectures [Hj: 

Conjecture 1. A generic hypersurface X C P"+^ (n > 2) of degree degX > 
2n + 1 is hyperbolic. 

Conjecture 2. P"\X {n > 2) is hyperbolic for a generic hypersurface X C 
P" of degree degX > 2n + 1. 

A new approach which could lead to a positive result for conjectured has 
been described by Y.-T. Siu in [12] for a bound 6n n on the degree. If 
we are interested in the lower bound on the degree, conjecture ^ is recently 
proved in for n = 2, d > 18 and in jT^j we proved a weak form of 
conjecture H] for n = 3: 
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Theorem ( |15] ). For X C a generic hypersurface such that d = 
deg{X) > 593, every entire curve f : C ^ X is algebraically degenerate, i.e 
there exists a proper subvariety Y G X such that /(C) C Y. 

Here we study the logarithmic conjecture |2l (proved for n = 2 and d > 15 
in [Zj) and prove the foUowing resuh, which is a weak form of the conjecture 
for n = 3: 

Theorem 3. For X C a generic hypersurface such that d = deg{X) > 
586, every entire curve / : C — Pc\-^ "is algebraically degenerated i.e there 
exists a proper subvariety F C such that /(C) C Y. 

The proof is based on two techniques. 

The first one is a generalization in the logarithmic setting of an approach 
initiated by Clemens [2], Ein 0, Voisin [T7] and used by Y.-T. Siu [TE] to 
construct vector fields on the total space of hypersurfaces in the projective 
space. Here we construct vector fields on logarithmic spaces. 

The second one is based on bundles of logarithmic jet differentials (see 
|H]). The idea, in hyperbolicity questions, is that global sections of these 
bundles vanishing on ample divisors provide algebraic differential equations 
for any entire curve f : C X\D where D is a normal crossing divisor on 
X. Therefore, the main point is to produce enough algebraically independent 
global holomorphic logarithmic jet differentials. In the case of P'^\X for a 
smooth hypersurface X C P^, we have proved the existence of global log- 
arithmic jet differentials when deg(X) > 92 in Therefore to produce 
enough logarithmic jet differentials we take the derivative of the logarithmic 
jet differential in the direction of the vector fields constructed in the first 
part, just as in the compact case |T5] . 

2 Logarithmic jet bundles 

In this section we recall the basic facts about logarithmic jet bundles following 
G. Dethloff and S. Lu 0. 

Let X be a complex manifold of dimension n. Let x E X. We consider 
germs / : (C, 0) —>■ (X, x) of holomorphic curves. Then the usual fc-jet 
bundle, JkX, is the holomorphic fibre bundle whose fiber JkX^ is the set of 
equivalence classes of germs, jk{f), where two germs are equivalent if they 
have the same Taylor expansions of order k. Let vr : J^X — » X be the natural 
projection. 

Let be the holomorphic cotangent bundle over X. Take a holomorphic 
section uj G H^iO^T^) for some open subset O. For jkW) ^ JkX\o, we have 
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f*uj = Z{t)dt and a well defined holomorphic mapping 
^■.J,X\o^C';Mf)^(^{0)) 

\ J 0<j<k-l 

If, moreover cui, ...,u!n are holomorphic 1-forms on O such that a;i A... Aa;„ 
does not vanish anywhere, then we have a biholomorphic map 

{ZTi, ...,cj;) X TT : JkX\o (C^)" X O 

which gives the trivialization associated to cui, ...,Wn- 

Let X be a complex manifold with a normal crossing divisor D. The pair 
{X, D) is called a log manifold. Let X = X\D. 

The logarithmic cotangent sheaf Tx — T^{logD) is defined as the locally 
free subsheaf of the sheaf of meromorphic 1-forms on X, whose restriction to 
X is and whose localization at any point x & D is given by 

i=l j=l+l 

where the local coordinates zi^...,Zn around x are chosen such that D — { 
Z1...Z1 = 0}. _ 

Its dual, the logarithmic tangent sheaf Tx = T-^i— \ogD) is a locally free 
subsheaf of the holomorphic tangent bundle T^, whose restriction to X is 
Tx and whose localization at any point a; G -D is given by 

1=1 ' 3=1+1 ■> 

Given log-manifolds (X, D) and (x', D'), a holomorphic map F : X ^ X 
such that F~^[D) C D' is called a log-morphism from [X , D') to (X, D). It 
induces vector bundle morphisms 

F* : Tx^Tx'-, 
: Tx' Tx- 

Let s e H^{0, JkX) be a holomorphic section over an open subset O C X. 
We say that s is a logarithmic A;-jet field if the map u o s\o' : O' — > is 
holomorphic for all uj E H^(0',T*x) for all open subsets O' of O. The set of 
logarithmic /c-jct fields over open subsets of X defines a subsheaf of the sheaf 
JkX, which we denote by JkX. JkX is the sheaf of sections of a holomorphic 
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fibre bundle over X, denoted again J^X and called the logarithmic A;— jet 
bundle of (X,D). 

A log-morphism F : [X , D') {X, D) induces a canonical map 

Fk '■ JkX' JkX. 

We can express the local triviality of JkX explicitly in terms of co- 
ordinates. Let zi^...,Zn be coordinates in an open set f/ C X in which 
D = {Z1Z2...Z1 = 0}. Let ui = ^,...,uji = ^,^1+1 = dzi+i,...,Un = dz^. 
Then we have a biholomorphic map 

(wl, L^) X TT : JkXiu [C^Y X U. 

Let s G H^{U, JkX) be given by s{x) = {^j'\x),x) in this trivialization 
where the indices i correspond to the orders of derivative. Then the same s 
considered as an element of H^{U, JkX) and trivialized by uji = dzi, ...,uJn = 
dzn is given by s{x) = (^^\x),x) where 

m = hMf + 9^{^f,.-,^t'^))^j<i 

The gi are polynomials in the variables obtained by ex- 

pressing first the different components ^j*^ of o s{x) in terms of the 

components of the components of dzi o s{x) by using the chain rule, 
and then by inverting this system. 



3 Logarithmic vector fields 

Let X gW^ X F^'^ be the universal surface of degree d given by the equation 
^a«Z" = 0, where [a] G P^'' and [Z] G Pi 

\a\=d 

In this section we generalize the approach used in (see Proposition 
11 of that article) and [15J to logarithmic jet bundles. We use the notations: 
for a = (ao) cts) ^ N'', \a\ = J2i '^i ^-nd ii Z = {Zq, Zi, Z2, Z^) are homo- 
geneous coordinates on P^, then Z'^ = Y\Z- \ X is a. smooth hypersurface of 
degree {d,l) in P^ x P^", 

We consider the log-manifold (P^ x P^^ X). We denote by J3(P^ x P^"*) 
the manifold of the logarithmic 3-jets, and Jl{¥'^ x P^'') the submanifold 
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of J3(P'^ X P^<*) consisting of 3-jets tangent to the fibers of the projection 
7r2 : X F'^'i F'^'i. 

We are going to construct meromorphic vector fields on J^{¥^ x P^'*). 

Let us consider 

y = {adZt + 5^a„Z" = 0) C P^ X 

|a|=d 

where U := (ao...od ^ 0) n ( U (a„ ^ 0) ) C P^'^+i. We have the 

projection vr : 3^ ^ P^ x P^'* and Ti'^iX) = {Z^ = 0) ■= H therefore we 
obtain a log-morphism vr : (3^, H) (F^ x P^'', A") which induces a dominant 
map 

Let us consider the set Qq := {Zq 7^ 0) x (a^ 7^ 0) cF^xU. We assume that 
global coordinates are given on and C^'*"'"^. The equation of y becomes 

3;o:=(4 + 5Z«a^" = 0). 

a 

Following [Hj as explained above, we can obtain explicitly a trivialization 
of Js{^o)- Let uj^ = dzi,uj'^ = dz2,uj^ = dz^^uj'^ = Then we have a 
biholomorphic map 

MQo) X f/ X X X 



where the coordinates will be noted (^,,0^,^ 

Let's write the equations of J|(3^o) in this trivialization. We have J|(3^o) = 
73(3^0) n -^3(^0)- The equations of ^3(3^0) in the trivialization of Jzip^o) given 
by ux" = dzi,u^ = dz2, cD^ = dz^, = dz^ can be written in x U x x 
C'^ X with coordinates (z,, Oq,, ^*''): 
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i=i|Q|<d ^ 



j=l|a|<(i j,k=l\a\<d ^ ^ 
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j=l\a\<d ^ 
j^k=l\a\<d ^ " j,k,l=l\a\<d ^ ' 

The relations between the two systems of coordinates can be computed 
as explained above and are given by 

_ ^ f (1) 

= .4ttf + 3d"5f + (d")') 

Therefore, to obtain the equations of ^3 (3^o) iii the first trivialization, we 
just have to substitute the previous relations 

\a\<d 
.7=l|a|<d ^ 



j=l \a\<d 



j,k=l\a\<d 



' dzjdzk 



(3) 



i=l|a|<d 

« E E -|fc«f - E E - « w 

j,fc=l|Q,|<d J j,k,l=l\a\<d ^ " ' 

Following the method used in for the compact case, we are going to 
prove that T-jv(y^ ® C^p4(c) ® O^N^j^^i*) is generated by its global sections on 
J3(3^)\(S Up^^{H)), where p : ^3(3^) ^ 3^ is the natural projection, S a 
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subvariety that will be defined below, and c e N a constant independant of 
d. Consider a vector field 

on X [/ X X X C^. The conditions to be satisfied by V to be tangent 
to J3 (3^0) are the following 

^v^z"" ^^^a^—Vj + dzi-^Vi^Q (5) 

|a|<ci j=l|a|<(i ^ 



\ \ tv ; , X X ^ , X X ^^_y^y 



+(i24-^^;4e4'' + = (6) 



3 3 rj2 Q; 3 



i=l|Q:|<d k=l ^ " 



g^^" ^(1)^(1) N 



|a|<d j,k=l ^ 



(7) 
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Aa^:" (3) '9^^" (2) (1) A ^!£;^.(i).(iMi)x 

|a|<d J=l ■' j,k=l ■' j,k,l=l ■' 



j=l|a|<d k=l ^ k,l=l ^ " ' 

+ V ^ 
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\a\<d j,k,l=l ^ 



,oSr^ (9^Z" (2) (1) (2) (l)x , dz" (3) 

^k ) + ) 

j,k=l ^ " j=l ^ 
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+ ^d'ziicf^w? + C?wf^) + M'ziw^^ (d'))' = (8) 

We can introduce the first package of vector fields tangent to ^3(3^0)- We 
denote by 5j G the multi-index whose j-component is equal to 1 and the 
other are zero. 

For ai > 4 : 



dtta dtta-Si daa-2Si dtta-SSi dda-ASi 

For CKi > 3, q;2 > 1 : 
T^3io 9 d 9 Q 9 

Va '■ 22:1-^ Z2^ \- 6ZiZ2^ 

Oaa Oaa-Si OO'a-52 O0'a-5i-52 

2 9 2 9 3 d 3 d 

+•^^1^1 -^^1^2^- Z^— h^i^2- 



For ai > 2, q;2 > 2 : 

T/220 . _ ^ , ^ , 9 2 5 

'^a ■ - ^2^- Zi— hZiZ2- 



dua daa-52 dua-si da 

a— 5i —252 

2 9 2 2 9 



+^1^2;^ ^1^2;^ ' 

Oaa-2Si-S2 Oaa-25i-252 
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For tti > 2, 0:2 > 1, 0:3 > 1 : 
211 d d 9 d d 

Va '■ — o ^3"^ Q 1-^2^3 



dUr, daa-Sa daa-52 dtta-Si daa-S2-d3 

d „ d 2 ^ 



+2ziZ3- h 2^1 2^2^ h Zi 

Oaa-Si-5:i Oaa-Si-S2 C/^a- 

2 <^ 

—2Z1Z2Z3— 2^12^3" 



■25i 



daa-Si-S2-S3 daa-2Si-S3 

2 d 2 ^ 

~^1^2t; 1" ^i^2^3" 



daa-25i-S2 daa-2Si-S2-S3 

Similar vector fields are constructed by permuting the z-variables, and 
changing the index a as indicated by the permutation. The pole order of the 
previous vector fields is equal to 4. 



Lemma 4. For any (fi)i<i<4 G C"^, there exist Va(a), with degree at most 
1 in the variables (a^), such that V := 'Yli'^o.{^)'Sr S '^i^ + '^4^^^ 

tangent to J3 (iVo) o-i each point. 

Proof. First, we substitute equations 1, 2, 3, 4 in equations 5, 6, 7, 8 to 
get rid of -^4, < « < 3). Then, we impose the additional conditions of 
vanishing for the coefficients of ^j^-* in the second equation (respectively of 
ill the third equation and ^j^^^^^^i^^ in the fourth equation) for any 
^<j<k<l<3. Then the coefficients of ^j^^ (respectively Cf^Cj^^ and 

^f^) are automatically zero in the third (respectively fourth) equation. The 
resulting equations are 

|a|<d i=l|a|<d |a|<d 

\a\<d ^ k=l\a\<d ^ |Q;|<d ^ 



OZjOZk OZjOZhOZi OZnOZh 

\a\<d ^ l=l\a\<d ^ * |a|<d ^ " 



|a|<d ■' m=l\a\<d \c!t\<d ■' 
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Now we can observe that if the Va{a) satisfy the first equation, they 
automatically satisfy the other ones because the are constants with respect 
to z. Therefore it is sufficient to find (va) satisfying the first equation. We 
identify the coefficients of — z{^ Z2^ z^^ : 



Vp 



+ y^ap+SjVj{Pj + 1) - dv^ap = 0. 



□ 



Another family of vector fields can be obtained in the following way. 

/A} A? Al \ 

e Mi{C) and let V := 



Consider a 4 x 4-matrix A 



^2 ^2 ^2 

A'^ A'^ A^ 
\A\ Al Al Q ) 



E«^f ^-W> where := A^W, for A; = 1, 2, 3. 

3,k 



Lemma 5. There exist polynomials Va{z, a) :— Yl ^^(a)-^^ where each coef- 



1<3 



ficient v"^ has degree at most 1 in the variables (a-y) such that 

I — 

dan 



is tangent to ^3(3^0) o-t each point. 

Proof. First, we substitute equations 1, 2, 3, 4 in equations 5, 6, 7, 8 to get rid 
of ^4,Cf (1 < i < 3). We impose the additional conditions of vanishing for the 
coefficients of in the second equation (respectively of if^^ in the third 
equation and ^f^^^^f^^ in the fourth equation) for any l<j<k<l<?>. 

Then the coefficients of (respectively ^f^^^ and ^j^"*) are automatically 
zero in the third (respectively fourth) equation. The resulting equations are 

Y^v^z'^^Q (9) 

\ot\<d 

\a\<d ^ fe=l|a|<d ^ \a\<d 

d"^ z" d"^ z" d"^ z'^ dz"' 

Eap;^««+E''.9Ta^-4j+E«"S-5^'4j-2<;AJ^a„g^ = (11,.) 

a a,p ^ P a,p P \a\<d " 
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^ dz^dzkdzi " ^ dzrodzkdzi ^ ^ "dzidz^dzi ^ 

n •> ^ ce,p p K I J P I- 



a,p ■' ^ \oi\<d ■' 

The equations for the unknowns are obtained by identifying the coef- 
ficients of the monomials z^ in the above equations. 

The monomials z'' in (9) are 2;^^ Z2^ z^^ with ^ pi < d. 

If all the components of p are greater than 3, then we obtain the following 
system 

13. The coefficient of z'^ in (9) impose the condition 



a+f3=p 



14j. The coefficient of the monomial z'' in (lOj) impose the condition 



a+/3=p 

where Ij is a linear expression in the a-variables. 

14jj. For J = 1, 3 the coefficient of the monomial z^~^^^ in (ll^j) impose 
the condition 

a+l3=p 

lAjk- For 1 < j < A; < 3 the coefficient of the monomial 
impose the condition 

ajakVp = ljk{a) 

a+f3=p 

For j — 1,...,3 the coefficient of the monomial z^~^^^ in {12 jjj) 
impose the condition 



^+p=p 



15jjk- For 1 < j < A; < 3 the coefficient of the monomial z^ "^^^ in 
(12jjfc) impose the condition 

a+/3=p 
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15jki- For l<j<k<l<3 the coefficient of the monomial z'' 
in {I2jjk) impose the condition 

ajakaiv^ = ljki{a) 

a+P=p 

The determinant of the matrix associated to the system is not zero. In- 
deed, for each p the matrix whose column Cfs consists of the partial derivatives 
of order at most 3 of the monomial z''~^ has the same determinant, at the 
point zq = (1, 1, 1), as our system. Therefore if the determinant is zero, we 
would have a non-identically zero polynomial 



f3 



such that all its partial derivatives of order less or equal to 3 vanish at zq- 
Thus the same is true for 



But this implies P = 0. 

Finally, we conclude by Cramer's rule. The systems we have to solve are 
never over determined. The lemma is proved. □ 

Reiiicirk 6. We have chosen the matrix A with this form because we are in- 
terested to prove the global generation statement on J^{y)\{'EUp~^{H)) where 

E is the closure o/Eq = {{z,a,C^^\C^^\C^'^^) e JfC^o) / det (c^A 

\ / l<i,i<3 

0} 



Proposition 7. The vector space T-jv^y^ ® (9p4(12) ® (!?pjVd_,_i(*) is generated 
by its global sections on J^{y)\{Yl [Jp~^{H)). 

Proof. From the preceding lemmas, we are reduced to consider V — Yl af~- 

|a|<3 

The conditions for V to be tangent to J^{yo) are 

\a\<3 
i=lH<3 
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|a|<3 i=l ^ j,k=l 





We denote by Wjm the wronskian operator corresponding to the variables 
Zj, Zk, zi. We have W123 := det(^j*^)i<j .,<3 7^ 0. Then we can solve the previous 
system with fooo, I'loo, "f^oio, "f^ooi as unknowns. By the Cramer rule, each of 
the previous quantity is a linear combination of the Va, |a| < 3, a 7^ (000), 
(100), (010), (001) with coefficients rational functions in z, ^''^\^'-^\^^^\ The 
denominator is W123 and the numerator is a polynomial whose monomials 
verify either: 

i) degree in z at most 3 and degree in each ^^^^ at most 1. 

ii) degree in z at most 2 and degree in ^^^^ at most 3, degree in ^^^^ at 
most 0, degree in ^^^^ at most 1. 

iii) degree in z at most 2 and degree in ^^^^ at most 2, degree in ^^"^^ at 
most 2, degree in ^^^^ at most 0. 

iv) degree in z at most 1 and degree in ^^^^ at most 4, degree in at 
most 1, degree in ^^^^ at most 0. 

has a pole of order 2, has a pole of order 3 and ^'•'^^ has a pole of 
order 4, therefore the previous vector field has order at most 12. □ 

Corollary 8. The vector space r^^psxpjv^) ® Ops (12) OfN^{*) is generated 
by its global sections on I^(p3 x P^'*)\(7r3(S) U X). 

Remark 9. If the third derivative of f : (C, 0) — >• x F^''\X lies inside 
7r3(S) then the image of f is contained in a hyperplane. 

4 Logarithmic jet differentials 

In this section we recall the basic facts about logarithmic jet differentials 
following G. Dethloff and S.Lu 0. Let X be a complex manifold with a 
normal crossing divisor D. 

Let (X, D) be the corresponding complex log-manifold. We start with the 
directed manifold (X, Tx) where Tx = Tx{- log D). We define Xi := P(Tx), 

= 71* (D) and Vi C Tx, : 



:= e Txi,(a;,H)(-log£'i) ; vr^ G Cv] 
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where vr : Xi — >■ X is the natural projection. If / : (C, 0) —>■ {X\D, x) is a 
germ of holomorphic curve then it can be hfted to Xi\Di as /[ij. 

By induction, we obtain a tower of varieties {Xk, Dk, Vk) with vr^ : Xk 
X as the natural projection. We have a tautological line bundle (9x^(1) and 
we denote Uk ■= ci(Cxfe(l))- 

Let's consider the direct image 7rfc^.(Cxs.('Ti)). It's a locally free sheaf de- 
noted Ek^mT X generated by all polynomial operators in the derivatives of or- 
der 1, 2, of /, together with the extra function log Sj{f) along the j — th 
component of which are moreover invariant under arbitrary changes of 
parametrization: a germ of operator Q G Ek^mT x is characterized by the 
condition that, for every germ in X\D and every germ G of fc-jet 
biholomorphisms of (C,0), 

g(/o0) = 0'-g(/)o0. 

The following theorem makes clear the use of jet differentials in the study 
of hyperbolicity: 

Theorem jSj? 0)- Assume that there exist integers k,m> and 
an ample line bundle L on X such that 

H\Xk, Ox,{m) ® <L-') - H\X, Ek,^Tx ® L'') 

has non zero sections cxi, ctat. Let Z C Xk be the base locus of these sec- 
tions. Then every entire curve f : C X\D is such that /[fc](C) C Z. In 
other words, for every global Gk~invariant polynomial differential operator 
P with values in L~^, every entire curve f : C —>■ X\D must satisfy the 
algebraic differential equation P{f) = 0. 

If X C P'^ is a smooth hypersurface, we have established in ^3] the next 
result: 

Theorem ( [14] ). Let X be a smooth hypersurface of such that d = 
deg(X) > 92, and A an ample line bundle, then E^^mTfis ® A^^ has global 
sections for m large enough and every entire curve f : C ^ P'^\X must 
satisfy the corresponding algebraic differential equation. 

The proof relies on the filtration of E^^rnT*x obtained in |13j : 
Gr-E,^mTx= © ( © r(^i'^^'^3)^;^) 

0<7<f {Ai+2A2+3A3=m-7; Ai-Aj>7, i<j} 

where F is the Schur functor. 
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This filtration provides a Riemann-Roch computation of tlie Euler cliar- 
acteristic ^13j: 

xiF^E^jr;,) = — 

' ■^'^ IP ^ ^81648000000 34020000000 

6299 , 1513 , 

H d ) + O(m^). 

4252500000 63787500^ ^ ' 

In dimension 3 tliere is no Bogomolov vanisliing tlieorem (cf. jl]) as it is 
used in dimension 2 to control the cohomology group H^, therefore we need 
the following proposition obtained in 



Proposition ( jl4j ). Let A = (Ai,A2,A3) be a partition such that Ai > 
A2 > A3 and |A| = ^ Aj > 3(i + 2. Then : 



h\V\T^Tl,)<g{\){d+U)+r{\) 



where g{\) = Yl {■^i ~ ^j) '^'^d r is polynomial in A with homogeneous 
components of degrees at most 5. 



This proposition provides the estimate [Ti 

h\F\ Gr*E^^^%z) < C{d + U)m^ + 0{m^) 
where C is a constant. 



5 Proof of theorem [HI 

Let us consider an entire curve / : C ^ P'^\X for a generic hypersurface of 
P^. By Riemann-Roch and the proposition of the previous section we obtain 
the following lemma: 

Lemma 10. Let X be a smooth hypersurface of of degree d, < 6 < 



then h%F^, E-i^rrJ'v^ ® kJ"") > a{d, 5)m^ + 0{m^), with 

aid, 5) = ^ (677376005^ + 1945rf^ - 82956^^ - 968320 + 

^ ^ 408240000000^ 

1804680^^5 + 12700800^2^3 _ 9408960^^5^ + 37635840(^5^ - 
8579520^5 - 50803200rf5^ - 1058400rf^5^ - 105030rf^5 - 
501811205^ + 121651205 + 604704c/ + 784080(^^5^). 
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Proof. E^^raT^z ® admits a filtration with graded pieces 

for Ai + 2A2 + 3A3 = m - 7; Ai - A^- > 7, « < J, < 7 < f . 
We compute by Riemann-Roch 

We use the proposition of the previous section to control 

h^X^E^^mTl^^K-!"^) : 

;^2(p3^ p(Ai-5m,A2-5m,A3-5m)2^*^) < _ _ _ ^ ^4) ^ 

r(Ai — 5m, A2 — 5m, A3 — 5m) 

under the hypothesis Yli^i ~ 35m > So? + 2. The conditions verified by A 
imply ^ Aj > ^ therefore the hypothesis will be verified if 

m(^ -35) > 3d + 2. 
We conclude with the computation 

x{r,E^,^%z®K^!'^)-h\^\GT*E^,^%z®K-!'^) < h'iF^E.^A^K;^'^). 

□ 

Remark 11. // we denote {F^ x P^'')^ the quotient oflf^\¥^ x P^^) hy 
the reparametrization group G3, one can easily verify that each vector field 
given at section 3 defines a section of the tangent bundle of the manifold 

(P3 X P^d)^. 

We have a section 

a e H\F\ E^,^%z ® K^t') ~ H\{F%, C»(p3)3(m) ® n;K;t). 
with zero set Z and vanishing order 5m{d — 4). Consider the family 

A" c P^ X P^-^ 

of hypersurfaces of degree d in P^. General semicontinuity arguments concern- 
ing the cohomology groups show the existence of a Zariski open set Ud C P^*^ 
such that for any a & Ud, there exists a divisor 

Za = {Pa = 0) C (P^)3 
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where 

Pa e H'iiFl),, 0(p3)3(m) ® n;K;^'£) 

such that the family {Pa)aeUd varies holomorphically. We consider P as a 
holomorphic function on J^{F^). The vanishing order of this function is no 
more than m at a generic point of P|^. We have /[3](C) C Za- 

Then we invoke corollary |H1 which gives the global generation of 

^J^(P3xP^d) ® Cp3(12) (g) OpiVd(*) 

on Jl{¥'^ X P^'^)\(7r3(S) U X). 

If /[3](C) lies in 7r3(S), / is algebraically degenerated. So we can suppose 
it is not the case. 

At any point of /[3](C)\7r3(E) where the vanishing of P is no more than 
m, we can find global meromorphic vector fields Vi, ...,Vp {p < m) and differ- 
entiate P with these vector fields such that Vi...VpP is not zero at this point. 
From the above remark, we see that vi...VpP corresponds to an invariant 
differential operator and its restriction to (Pa)3 can be seen as a section of 
the bundle 

C(p3)3(m) (g) Op3(12p - 5m{d - 4)). 

Assume that the vanishing order of P is larger than the sum of the pole order 
of the Vi in the fiber direction of vr : x P^'' P^''. Then the restriction of 
vi...VpP to P^ defines a jet differential which vanishes on an ample divisor. 
Therefore /[3](C) should be in its zero set. 

To finish the proof, we just have to see when the vanishing order of P is 
larger than the sum of the pole order of the fj. This will be verified if 

5{d-A) > 12. 

So we want 6 > jjz^ and a{d, 6) > 0. This is the case for d > 586. 
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